In order to optimize the algorithm on contact pressure and interference magnitude of multi-layer interference cylinders, the effects of centrifugal force and temperature gradient on the performance of multi-layer interference cylinders are considered. The mathematical matrix model of contact pressure and interference magnitude of multi-layer interference cylinder is constructed under centrifugal force and temperature gradient. Four kinds of interference cylinder models are established, and the numerical solutions using finite element methods are compared with the analytical solutions. The results show that the contact pressure of each contact surface of multi-layer interference cylinder decreases with speed increase; the slip rate of contact pressure increases with speed increase; the maximum radial displacement of an interference cylinder under centrifugal force occurs at the outermost layer. The contact pressure of a multi-layer interference cylinder decreases linearly with the increase of temperature gradient. The analytical solution is basically consistent with the numerical solution, and the maximum relative error of midpoint is 11.62% and −7.69% under two factors. It means that the algorithm can provide a theoretical guide for the design of a multi-layer interference cylinder considering centrifugal force and temperature gradient.
Introduction
The interference fit has the advantages of simple structure, good neutrality, strong load-carrying capacity, good impact resistance, and so on, so it has a wide application in mechanical engineering [1] . Many scholars have done a lot of research on the algorithm and influence of interference fit. Sogalad [2] studied the influence of cylindricity and surface modification on the load-carrying capacity of interference fit components. Zhang et al. [3] analyzed the influence of different influence factors on the dynamic performance of oblique cone interference fit. Compared with the equal diameter cylindrical interference fit, the influence of interference magnitude on the local contact stress is obvious. Wang et al. [4, 5] proposed a variety of algorithms for multi-layer interference fit based on thick-wall cylinder theory and analyzed the effects of many factors on the performance of multi-layer interference fit. McMillan [6] studied the phenomenon of torque increase during the loading cycle of the interference specimen. By establishing a cycle wear test, the reason for the torque increase is related to the friction coefficient between interference fit. The research provides a basis for the optimization of interference fit design. Based on the geometric defects and surface roughness of the interference specimen, Boutoutaou H et al. [7, 8] studied its influence on the strength of interference connection. Li J et al. [9, 10] studied the effect of interference size on the fretting fatigue life of carbon fiber reinforced polymers and titanium alloy bolts.
The interference components usually work at high speed and under a temperature field, various rotational speeds and temperatures have different effects on the performance of interference components. At present, some scholars have made some research in these fields. For example, Kurvinen [11] studied the dynamic characteristics and mechanical properties of ball bearings with or without centrifugal force. Guo [12] established a displacement mathematical model based on centrifugal force and temperature in the bearing inner ring, coupled with the bearing dynamic model of bearing, and studied change rule of bearing interference fit and the influence on spindle system dynamics. The results show that the initial interference magnitude will increase with the combined influence factors of temperature increase and centrifugal force, and eventually lead to the increase of bearing stiffness. Ding [13] analyzed the calculation method of the interference magnitude and stress between the rotor and the permanent magnet, establishing a finite element model for stress analysis, and the results were compared. Zhou [14] established a three-dimensional single-layer interference cylinder model and analyzed influence of centrifugal force on the interference fit. Qiu et al. [15] proposed an algorithm for calculating contact pressure and stress of multi-layer interference fit under multi contact and temperature. An engine crankshaft bearing case was established using finite element method to verify the correctness of its algorithm.
However, the research on the influencing factors of interference fit is mainly concentrated in a single layer. Currently, multi-layer interference fit is widely used in engineering, for example low-speed coupling of wind turbine (Figure 1 ), which can be used as the typical application of multi-layer interference cylinder [16] . Here, the effects of centrifugal force and temperature gradient on the contact pressure of multi-layer interference cylinder are analyzed. The matrix model of contact pressure and interference magnitude of multi-layer interference cylinder under centrifugal force and temperature gradient is derived. Four kinds of interference cylinder models are built to respectively analyze the influence of centrifugal force and temperature gradient on the performance of multi-layer interference cylinder. By comparing the calculation results of the finite element numerical method and analytic method, some conclusions of the multi-layer interference cylinder are obtained.
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Algorithm for Multi-Layer Interference Cylinder
According to the Lame equation, the radial displacement of any point in the cylinder can be obtained [17] :
Where a is the inner radius of the cylinder, b is the outer radius of the cylinder,  is the radius of any point of cylinder, 1 p is the internal pressure of the cylinder, 2 p is the external pressure of the cylinder, E is the modulus of elasticity, and  is Poisson ratio. 
where a is the inner radius of the cylinder, b is the outer radius of the cylinder, ρ is the radius of any point of cylinder, p 1 is the internal pressure of the cylinder, p 2 is the external pressure of the cylinder, E is the modulus of elasticity, and µ is Poisson ratio. Figure 2 is the schematic diagram of force on two cylinders with interference fit. C i is defined as cylinder i; C i+1 is cylinder i + 1; p i−1 is the internal pressure of C i ; p i is the contact pressure between C i and C i+1 ; p i+1 is the external pressure of C i+1 ; r 1,i is the inner radius of C i ; r 2,i is the outer radius of C i ; r 2,i+1 is the outer radius of C i+1 ; S is contact surface between C i and C i+1 . According to Equation (1), the relation between the radial displacement of contact surface of multi-layer interference cylinder can be obtained. Based on the radial displacement relationship between i C and 1 i C  , a matrix model of multi-layer interference cylinder can be obtained as:
Among them, 
Algorithm Considering Centrifugal Force and Temperature Gradient
Centrifugal Force
Multi-layer interference cylinder is often used to transmit torque. Under high speed, the influence of centrifugal force on contact pressure of multi-layer interference cylinder cannot be ignored.
According to elastic mechanics, taking the small unit as a micro unit in polar coordinate radial plane of arbitrary radius  , its force diagram is shown in Figure 3 . According to Equation (1), the relation between the radial displacement of contact surface of multi-layer interference cylinder can be obtained. Based on the radial displacement relationship between C i and C i+1 , a matrix model of multi-layer interference cylinder can be obtained as:
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Algorithm Considering Centrifugal Force and Temperature Gradient
Centrifugal Force
According to elastic mechanics, taking the small unit as a micro unit in polar coordinate radial plane of arbitrary radius  , its force diagram is shown in Figure 3 . It is assumed that the density of micro unit is ρ 0 , the centrifugal force of the micro unit is:
The equilibrium differential equation of the micro unit is [18] :
According to the geometric equation, radial strain ε ρ and circumferential strain ε ϕ are given as:
Radial stress and circumferential stress of the micro unit can be obtained:
The equilibrium differential equation expressed by displacement can be obtained according to Equations (4)-(6).
The Equation of the displacement of a free cylinder at any point under centrifugal force can be obtained by solving Equation (7).
It is assumed that L n,i is radial displacement caused by centrifugal force, n= 1 or 2, i= 1, 2, 3, . . . ; n = 1 means inner surface, n = 2 means outer surface; i means cylinder number.
Transforming Equation (8) into diameter direction, the radial displacement of outer surface of cylinder C i based on centrifugal force is shown as:
Similarly, radial displacement of the inner surface of cylinder C i+1 based on centrifugal force is shown as:
According to Equations (2), (9), and (10), the matrix model of interference magnitude of multi-layer interference cylinder under the centrifugal force can be obtained:
Temperature Gradient
Temperature distribution function is shown as [19] : When the cylinder is expanded by heat, the displacement of any point is shown as:
According to Equations (12) and (13), the displacement due to the thermal expansion of cylinder can be obtained:
where α is the coefficient of thermal expansion, t a is the temperature of inner surface of cylinder, and t b is the temperature of outer surface of cylinder. Assuming that Q n,i is radial displacement due to temperature, t n,i is cylinder surface temperature. Substituting C i parameter into Equation (14), the radial displacement of outer surface of cylinder C i under the temperature can be obtained:
Similarly, the radial displacement of the inner surface of cylinder C i+1 under the temperature is shown as:
The displacement of contact surface of multi-layer interference cylinder under temperature gradient is shown as:
According to Equations (2) and (17), the matrix model of interference magnitude of multi-layer interference cylinder under the temperature gradient is shown as:
And,
Finite Element Model
Here, five cylinders named by C 1 , C 2 , C 3 , C 4 , C 5 are constructed with steel material, and the multi-layer interference cylinder model is consists of four interference cylinders named by M 1 , M 2 , M 3 , M 4 . The according parameters of models are listed in Table 1 . According to National Standard GB/T1800.4-1999, the maximum interference magnitude between C 1 and C 2 is 0.195 mm, C 2 and C 3 is 0.272 mm, C 3 and C 4 is 0.330 mm, C 4 and C 5 is 0.400 mm. Model M 1 , M 2 , M 3 , M 4 is as shown in Figure 4 .
According to National Standard GB/T1800. M is as shown in Figure 4 . Figure 4 . Multi-layer interference cylinder model.
By Equations (11) and (18), the contact pressure of each surface of multi-layer interference cylinder based on centrifugal force and temperature gradient can be respectively obtained.
To verify its correctness and analyze effects of centrifugal force and temperature gradient on the contact pressure, three-dimensional models of By Equations (11) and (18), the contact pressure of each surface of multi-layer interference cylinder based on centrifugal force and temperature gradient can be respectively obtained.
To verify its correctness and analyze effects of centrifugal force and temperature gradient on the contact pressure, three-dimensional models of M 1 , M 2 , M 3 , and M 4 are established by finite element software ABAQUS 6.14. A "penalty-type" friction formulation was applied to each interface, and the friction coefficient is set as 0.15. Figure 5a is boundary condition for M 4 as an example, which is used to fix displacement (U1 = U2 = U3 = 0) of cylinder C 1 and apply rotational body force, then the different speed gradients are set up to obtain numerical solution of contact pressure of multi-layer interference cylinder under centrifugal force. Figure 5b is a model with three-dimensional meshes [20] . In Figure 6 , gradient temperature is applied to the inner and outer surfaces of each cylinder taking M 4 as an example.
Appl M is as shown in Figure 4 . Figure 4 . Multi-layer interference cylinder model.
By Equations (11) and (18), the contact pressure of each surface of multi-layer interference cylinder based on centrifugal force and temperature gradient can be respectively obtained. To verify its correctness and analyze effects of centrifugal force and temperature gradient on the contact pressure, three-dimensional models of M are established by finite element software ABAQUS 6.14. A "penalty-type" friction formulation was applied to each interface, and the friction coefficient is set as 0.15. Figure 5a is boundary condition for 4 M as an example, which is used to fix displacement (U1 = U2 = U3 = 0) of cylinder 1 C and apply rotational body force, then the different speed gradients are set up to obtain numerical solution of contact pressure of multi-layer interference cylinder under centrifugal force. Figure 5b is a model with three-dimensional meshes [20] . In Figure 6 , gradient temperature is applied to the inner and outer surfaces of each cylinder taking
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Influences of Centrifugal Force
Under the condition of high speed, the multi-layer interference cylinders must ensure that contact pressure is always greater than the minimum contact pressure to transmit required torque [21] . According to Equation (11) , the contact pressure between the contact surfaces can be obtained under four rotation gradients of 0, 200, 400, and 600 rad/s. The result is shown in Figure 7 . 
Results and Discussion
Influences of Centrifugal Force
Under the condition of high speed, the multi-layer interference cylinders must ensure that contact pressure is always greater than the minimum contact pressure to transmit required torque [21] . According to Equation (11) , the contact pressure between the contact surfaces can be obtained under four rotation gradients of 0, 200, 400, and 600 rad/s. The result is shown in Figure 7 . As shown in Figure 7 , the contact pressure of multi-layer interference cylinder decreases with the increase of rotational speed. For the same layer, the contact pressure slip rate is slower before 400 rad/s. When the rotational speed reaches 600 rad/s, the contact pressure will decrease significantly. Analyzing the four models, with the increase of layer number of interference, the contact pressure between the same contact surfaces rises significantly, and the contact pressure gradually decreases from inside to outside [22] , that is, 1 2 3 4 p p p p    . It indicates that the contact pressure at the outermost surface is the minimum. Under the influence of centrifugal force, the outermost contact pressure is more easily reduced to below the critical value, which results in the loosening of the outer interference components and the failure of torque transmission. In order to further explore the effect of centrifugal force on the contact pressure of the multi-layer interference cylinder, the contact pressure on contact surfaces of model 4 M is analyzed separately.
In Figure 8 , Table 2 , the slope of contact pressure of the same surface increases gradually As shown in Figure 7 , the contact pressure of multi-layer interference cylinder decreases with the increase of rotational speed. For the same layer, the contact pressure slip rate is slower before 400 rad/s. When the rotational speed reaches 600 rad/s, the contact pressure will decrease significantly. Analyzing the four models, with the increase of layer number of interference, the contact pressure between the same contact surfaces rises significantly, and the contact pressure gradually decreases from inside to outside [22] , that is, p 1 > p 2 > p 3 > p 4 . It indicates that the contact pressure at the outermost surface is the minimum. Under the influence of centrifugal force, the outermost contact pressure is more easily reduced to below the critical value, which results in the loosening of the outer interference components and the failure of torque transmission.
In order to further explore the effect of centrifugal force on the contact pressure of the multi-layer interference cylinder, the contact pressure on contact surfaces of model M 4 is analyzed separately.
In Figure 8 , comparing with contact pressure p 1 , p 2 , p 3 , p 4 of M 4 , the drop of contact pressure decreases from inside to outside with the increase of speed. p 1 is from 176 MPa to 134 MPa; p 2 is from 153 MPa to 116 MPa; p 3 is from 92 MPa to 65 MPa; p 4 is from 44 MPa to 29 MPa. Combining with Table 2 , the slope of contact pressure of the same surface increases gradually with the increase of speed. For example, the slope of p 1 is −0.024 when the rotational speed is 0 rad/s, when the rotational speed reaches 600 rad/s, the slope is increased to −0.119. with the increase of speed. For example, the slope of 1 p is −0.024 when the rotational speed is 0 rad/s, when the rotational speed reaches 600 rad/s, the slope is increased to −0.119. Under the centrifugal force, the contact surface of multi-layer interference cylinder will have different deformations, which is the fundamental reason for the change of contact pressure. With the increase of speed, the interference state between contact surfaces gradually decreases. In Figure  4 , the cylinder 1
is squeezed by the other four cylinders, so the interference state is the best. The cylinder 5
C is located at the outermost layer, with the smallest contact pressure, leading to the worst interference state. This shows that the outermost contact surface is most likely to be detached when the speed is large enough. In order to verify the accuracy of matrix model for multi-layer interference cylinders under centrifugal force, taking model Under the centrifugal force, the contact surface of multi-layer interference cylinder will have different deformations, which is the fundamental reason for the change of contact pressure. With the increase of speed, the interference state between contact surfaces gradually decreases. In Figure 4 , the cylinder C 1 of model M 4 is squeezed by the other four cylinders, so the interference state is the best. The cylinder C 5 is located at the outermost layer, with the smallest contact pressure, leading to the worst interference state. This shows that the outermost contact surface is most likely to be detached when the speed is large enough.
In order to verify the accuracy of matrix model for multi-layer interference cylinders under centrifugal force, taking model M 4 as an example, comparing the analytical solution with the numerical solution under 600 rad/s, the results are shown in Figure 9 . Under the centrifugal force, the contact surface of multi-layer interference cylinder will have different deformations, which is the fundamental reason for the change of contact pressure. With the increase of speed, the interference state between contact surfaces gradually decreases. In Figure  4 , the cylinder 1
C is located at the outermost layer, with the smallest contact pressure, leading to the worst interference state. This shows that the outermost contact surface is most likely to be detached when the speed is large enough. In order to verify the accuracy of matrix model for multi-layer interference cylinders under centrifugal force, taking model In Figure 9 , the numerical solutions of contact pressures p 1 , p 2 , p 3 , and p 4 under centrifugal force are gradually reduced, which is in agreement with the analytical results. Without considering the stress concentration on both sides of the cylinder, the numerical solution and the analytic solution are in good agreement with the axial distance of 25-115 mm. The maximum relative error of the midpoint is 11.62%, which is within the allowable range of design.
Influence of Temperature Gradient
According to the Equations (15) and (16), the contact pressure of each contact surface of multi-layer interference cylinder is influenced by temperature of inner and outer surfaces. In Figure 6 , the influence of temperature gradient on the contact pressure of multi-layer cylinder is analyzed by applying the temperature on inner and outer surfaces, then the matrix model is verified by comparing the numerical solution with the analytical solution.
According to Table 3 , the temperature gradient is applied between the inner and outer surfaces respectively, and the temperature gradient is gradually increased. Ultimately, the influence of the same temperature gradient on the contact pressure of multi-layer interference cylinder is simulated and analyzed. In Figure 9 , the numerical solutions of contact pressures 1
centrifugal force are gradually reduced, which is in agreement with the analytical results. Without considering the stress concentration on both sides of the cylinder, the numerical solution and the analytic solution are in good agreement with the axial distance of 25-115 mm. The maximum relative error of the midpoint is 11.62%, which is within the allowable range of design.
According to the Equations (15) and (16), the contact pressure of each contact surface of multi-layer interference cylinder is influenced by temperature of inner and outer surfaces. In Figure  6 , the influence of temperature gradient on the contact pressure of multi-layer cylinder is analyzed by applying the temperature on inner and outer surfaces, then the matrix model is verified by comparing the numerical solution with the analytical solution.
According to Table 3 , the temperature gradient is applied between the inner and outer surfaces respectively, and the temperature gradient is gradually increased. Ultimately, the influence of the same temperature gradient on the contact pressure of multi-layer interference cylinder is simulated and analyzed. As shown in Figure 11 , the contact pressures p 1 , p 2 , p 3 , and p 4 of model M 4 decreases linearly with the increase of temperature gradient, and the rate of change decreases from p 1 to p 4 in turn, which indicates that temperature gradient will reduce interference magnitude of multi-layer interference cylinder, thereby affecting the performance of torque transmission of multi-layer interference components. Figure 11 . Relationship between contact pressure and the same temperature gradient.
In order to validate the correctness of the relationship between contact pressure and interference magnitude of any multi-layer interference cylinder under temperature gradient, the relative error between the numerical solution and the analytical solution under the temperature gradient 10 t  °C is compared and analyzed. The result is shown in Table 4 . Table 4 shows the analytical solution is basically consistent with the numerical solution. The maximum relative error is only −7.69%, which is within the allowable range of design. So, the matrix model of multi-layer interference cylinder under temperature gradient is of high accuracy.
Conclusions
The multi-layer interference cylinder matrix model and the finite element model under centrifugal force and temperature gradient are built, the influences of both factors on the contact pressure of the multi-layer interference cylinder are analyzed, and the algorithm is validated to be suitable for actual design. The specific conclusions are as follows:
(1) The matrix models of the relationship between contact pressure and interference magnitude of a multi-layer interference cylinder under centrifugal force and temperature gradient are deduced based on elastic mechanics and thick-wall cylinder theory. (2) The contact pressure of multi-layer interference cylinder under centrifugal effect decreases with the increase of rotational speed, and the curve slope increases with the increase of rotational speed. The maximum radial displacement of contact surface is at the outmost layer of interference cylinder. In the same model, the radial displacement of contact surface is gradually increased from inside to outside. The interference magnitude should be compensated according to the centrifugal force during the design of multi-layer interference fit. (3) Without considering the stress concentration, the numerical solution is in good agreement with the analytical solution. Even if the maximum relative error of midpoint is 11.62%, it is kept within the allowable range of design, which shows that the matrix model of multi-layer interference fit under centrifugal force can be used for design reference. (4) The contact pressure of multi-layer interference cylinder decreases linearly with increase of temperature gradient. The maximum relative error of analytical solution and numerical solution under temperature gradient is −7.69%, which is in the allowable design range. It In order to validate the correctness of the relationship between contact pressure and interference magnitude of any multi-layer interference cylinder under temperature gradient, the relative error between the numerical solution and the analytical solution under the temperature gradient ∆t = 10 • C is compared and analyzed. The result is shown in Table 4 . Table 4 shows the analytical solution is basically consistent with the numerical solution. The maximum relative error is only −7.69%, which is within the allowable range of design. So, the matrix model of multi-layer interference cylinder under temperature gradient is of high accuracy.
(1) The matrix models of the relationship between contact pressure and interference magnitude of a multi-layer interference cylinder under centrifugal force and temperature gradient are deduced based on elastic mechanics and thick-wall cylinder theory. (2) The contact pressure of multi-layer interference cylinder under centrifugal effect decreases with the increase of rotational speed, and the curve slope increases with the increase of rotational speed. The maximum radial displacement of contact surface is at the outmost layer of interference cylinder. In the same model, the radial displacement of contact surface is gradually increased from inside to outside. The interference magnitude should be compensated according to the centrifugal force during the design of multi-layer interference fit. (3) Without considering the stress concentration, the numerical solution is in good agreement with the analytical solution. Even if the maximum relative error of midpoint is 11.62%, it is kept within the allowable range of design, which shows that the matrix model of multi-layer interference fit under centrifugal force can be used for design reference.
(4) The contact pressure of multi-layer interference cylinder decreases linearly with increase of temperature gradient. The maximum relative error of analytical solution and numerical solution under temperature gradient is −7.69%, which is in the allowable design range. It indicates that the matrix model of multi-layer interference fit under the same temperature gradient can be used for reference.
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